For any nonatomic, normalized Borel measure /i in a complete separable metric space X there exists a homeomorphism h: 31-*X such that n = \hrx on the domain of p, where 31 is the set of irrational numbers in (0, 1) and X denotes Lebesgue-Borel measure in 31. A Borel measure in 31 is topologically equivalent to X if and only if it is nonatomic, normalized, and positive for relatively open subsets.
Let X he a subset of / such that both X and I-X meet every nonempty perfect subset of /. Then X has outer Lebesgue measure one and inner measure zero. Any relatively Borel subset A of X is of the form A =XC\B, for some Borel set B in I. The formula p(A) =m(B) defines unambiguously a nonatomic, normalized Borel measure p in the separable metric space X, but X contains no copy of 31. The Stone space X corresponding to any finite nonatomic measure algebra admits a nonatomic, normalized, regular Borel measure [5, §24] . Since X is compact and basically disconnected, every infinite closed subset contains a copy of (3N 3. Uniqueness of (31, X). Let £F denote the class of topological measure spaces (X, p), where X is metrizable, separable, and topologically complete (i.e. a Polish space), and p is a nonatomic, normalized Borel measure in X. The following theorem shows that (31, X) is the only member of this class that is topologically contained in each member of the class. Proof. By hypothesis, (X, p) is homeomorphic to some subspace (Y, \Y) of (31, X). Since \(Y) = 1,7 must be a dense subset of 91. It follows that Y is nowhere locally compact, as well as topologically complete, separable, and 0-dimensional. Consequently Y, and therefore X, is homeomorphic to 91. Since Xy is everywhere positive, p must also be. Therefore (X, p) is homeomorphic to (91, X), by Theorem 1.
4. Approximation of a Borel set by a Cantor subset. As an application of Theorem 2 we give a new proof of the following theorem, recently proved by Gelbaum [3] . As the referee has pointed out, this theorem is implicitly contained in a result of von Neumann [Q, Hilfsatz, p. 577].
Theorem 4. Let X be a complete separable metric space, and let p be a nonatomic Borel measure in X. Any Borel set A in X with 0<p(A) < oo is the union of a Cantor set and a set of arbitrarily small measure.
Proof. The formula v(E) = p(EC\A)/p(A) defines a nonatomic, normalized Borel measure v in X. By Theorem 2, there exists a set B in X such that v(X-B) -0 and (B, vB) is homeomorphic to (31, X), say by h. Then h(AC\B) is a Borel subset of 31 with \(h(AC\B)) = 1. Let C be a compact perfect subset of h(AC\B) with X(C) > 1 -e. Then h~1(C)EA, p(A-h~1(C))<ep(A), and hrl(C) is compact, perfect, 
